Abstract. From the degree zero part of logarithmic vector fields along an algebraic hypersurface singularity we indentify the maximal multihomogeneity of a defining equation in form of a maximal algebraic torus in the embedded automorphism group. We show that all such maximal tori are conjugate and in one-to-one correspondence to maxmimal tori in the degree zero jet of the embedded automorphism group.
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The result is motivated by Kyoji Saito's characterization of quasihomogeneity for isolated hypersurface singularities [Sai71] and extends its formal version [GS06, Thm.5 .4] and a result of Hauser and Müller [HM89, Thm.4 ].
Let P be either O = C{x}, the ring of convergent power series in x = x 1 , . . . , x n , orÔ = C [[x] ], the ring of formal power series in x and denote by m = x the maximal ideal in O orÔ. Let Aut(P) be the automorphism group of P and let ∆(P) = m · Der(P) = {δ ∈ Der(P) | δ(m) ⊆ m} be the P-module of vector fields vanishing at the origin.
Let 0 = f ∈ m and Aut f = {ϕ ∈ Aut(P) | ϕ(f ) ∈ f } the group of automorphisms preserving the ideal f . In the convergent case, this is the group of automorphisms of (C n , 0) preserving the hypersurface Var(f ). Our object of interest is the P-module of logarithmic vector fields Der f = {δ ∈ Der(P) | δ(f ) ∈ f } introduced in [Sai80] . In the convergent case, this is the module of vector fields tangent to the smooth part of Var(f ). The module Der f is unchanged if we assume f to be reduced. We shall further assume that Der f ⊆ ∆(P). By Rossi's Theorem [Ros63, Cor.3.4] , this means in the convergent case that the variety Var(f ) defined by f is not a product with a smooth factor. As remarked in [HM93, 2.Rem.(c)], Der f is the Lie algebra of the infinite Lie group Aut f in the convergent case.
For a fixed coordinate system, any derivation δ ∈ Der(P) can be decomposed into homogeneous components, δ = ∞ i=−1 δ i . Moreover, δ 0 = i,j a i,j x i ∂ xj for some matrix A = (a i,j ) and we call δ 0 diagonal if A is diagonal. A derivation δ ∈ ∆(P) is called nilpotent if A is nilpotent and semisimple if m has a basis of eigenvectors of δ. For a fixed coordinate system, any δ ∈ ∆(P) is a sum δ = δ S + δ N where δ S = δ S,0 and δ N,0 are defined by the semisimple and nilpotent parts of the matrix A corresponding to δ 0 . In particular, [δ S , δ N,0 ] = 0.
In The statement a.5 is implicitly present in the arguments in [GS06] . We shall follow the outline of [HM89, Thm.4] to deduce Part b of Theorem 1 from Part a.
Theorem 1 (existence of maximal multihomogeneity). Let a. f ∈Ô or b. f ∈ O algebraic over C[x] and let δ 1 , . . . , δ t ∈ Der f with diagonal degree 0 part. Then there is an algebraic torus T s ⊆ Aut f in the sense of [Mül86, 1.Def.ii)] with Lie algebra t s and suitable coordinates such that T s ⊆ GL n (C). In these coordinates there is a basis σ 1 , . . . , σ s of t s which extends to a minimal system of generators σ 1 , . . . , σ s , ν 1 , . . . , ν r of Der f and a choice of f with irreducible factors f 1 , . . . , f m such that 1. σ i is diagonal with eigenvalues in Z,
Proof. The statement a.5 holds by the construction in the proof of [GS06, Thm.5.4] using that the coordinate change in [GS06, Thm.5.3] is tangent to the identity. By a.1 and a.4, there is a formal coordinate changeȳ(x) such thatḡ(
of the lattice generated by σ 1 , . . . , σ s defines an algebraic torus
with Lie algebra t s = σ 1 , . . . , σ s . Since the x-monomials are common eigenvectors for x 1 ∂ 1 , . . . , x n ∂ n with integer eigenvalues, we may assume L = s i=1 Zσ i preserving the condition λ i ∈ Z. Then the σ-multihomogeneity ofḡ of multidegree λ stated above translates toḡ being equivariant for T s ⊆ GL n (C) and the character 
By abuse of notation we denote this g by f again. Then [Mül86, Hilfssatz 2] shows that f O has a T s -equivariant generator which we may assume to be f . This proves b.1 and σ i (f ) ∈ Z · f which is weaker than b.4.
To The maximality property b.6 follows from its formal version a.6. Combined with b.3 it guarantees the existence of ν i satisfying b.2: If the σ-multidegree of a ν i is non-zero then it is nilpotent by [GS06, Lem.2.6], otherwise one can subtract its semisimple part which is a linear combination of the σ i by b.6. 
2 · Der(P)) where n 0 is the intersection of h with the set of nilpotent elements in g.
We shall use results of Müller [Mül86] to prove a stronger statement than uniqueness of s. Consider the group morphisms π k : Aut(P) → Aut k (P) = Aut(P/m k+2 ) and the Lie algebra morphisms π k : ∆(P) → ∆ k (P) = ∆(P)/(m k+1 · ∆(P)). Note that Aut k (P) is an algebraic group with Lie algebra ∆(P). Like in [Mül86, §2] , one can use Artin's Approximation Theorem [Art68, Thm.1.2] to prove the first part of the following Lemma 1. π k (Aut f ) is an algebraic group with Lie algebra π k (Der f ).
Proof. By exactness of completion Derf = Der f wheref denotes f considered in O. Thus π k (Der f ) = π k (Derf ) and we may assume that P =Ô. Consider the Lie algebra morphisms π Corollary 1 (lifting of maximal tori). π 0 : Aut f → π 0 (Aut f ) defines a bijection of algebraic tori.
